
Descriptive Set Theory
Lecture 21

Analytic separation (Luzia . If A.,A ,
≤ ✗ Polish are

disjoint analytic uh, then 3- B ≤ ✗ Bad

separating then, i. e. B ≥ A- ◦ I B
'

≥ A .
.

I

B q④ q?⃝
Proof. Call ↳ A al B Borel - separable if

-3 Bail seh R sit
.

A-≤RUBER!

Note tht for a fixed set A
,
sets that

are Borel- separable from A format- ideal , indeed if ewh Bn is

separated from A- by a Borel at Rn, i.e. Ri≥A al Ra≥ Bn,
then Y Ru ≥ Y Bu al Ch Ry

'
≥A

.
Moreover :

Claim . For sets (E) I lQm) , if each Pn is Baal_

separable from each Qm
,
then Ypa is Bowl -

separable from kQm .

Proof
.
Fix Pu .

then eah Qm is Bad - Sep. from Pu, hence
so is UmQun .

Then eat
, Paris Beret- up . from Uday

hence so is ✓ Pu .

By Hausdorffany distinct points ✗ I g
we ◦

pea
- separable, i. e.



have disjoint open neighbourhoods. We will show tht it two

disjoint analytic sets A al B are not Borel - up .,
then sore

at A al be B are not open-separable, a contradiction .

let f : IN"V→→A d g : IN "V→B be uatinuous injections, and
suppose tht A I B are not Bad -up . For eah sew

*
,

put As :=f( [D) I Bs :=g (Cst) . What the chain above says
is tht if As I Bt are not Borel- sep.fr/sl--lt1,

A.
n

then 7 Asn d Btm that are still not Bad_ sep .* ii.
.

111111¥ . - thus iterating this
,
we follow the an- sep .t.sn/tm

pair af branches in the tree IN' "✓
, building{ I

✗ • • y
✗ig C- IN

" s.t.tn Ann I Byin are net

Raul -sep. let a := f- 6) I b- gly) . let b- a drab

be disjoint •pen
sets

. B) continuity of d- I
g ,

1-ns.t.Axii-fkxln])≤ U and Bgi;=g([glad ≤ V, so U separates Aida
at Byu , a contradiction

.

Cor
. Ay ctbl disjoint collection (Aa) of analytic sets can be Borel-

separated, i.e . 7 pairwise disjoint Baul sets Ba ≥Aa .

④ ?⃝ SAT ↳ * .
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Prof
. Exercise

.

Borel graph theorem
.
For Polish sp .

X
,
Y
,
and a fraction f. ✗→ Y

,

TFAE
,
here ↳ : = graph (f) := / Kid c- KXY: fix)=g} :

(1) f is a Borel function
,
i. e. f-' ( Bonet ) is Borel .

(2) Gf is Borel
.

4) Gf is analytic .
Proof

.

4)⇒ (2) . Fix a ctbl open basis (Vu) her Y. For any HAY,
Ix
, g) c-Gf ⇔ f-G)=g <⇒ ✗ c- f-

'(g) ⇔ Hn lyEV, ⇒ ✗c-Flu))
<⇒ Ku ( y¢Vn or ✗c-f-

'

(a) ) .
closed Bowl

(3)⇒ (1)
.
Fix an open ✓ ≤ Y I show tht f -44 is Borel

.

¥4 For each ✗ c- ✗
,Éopea#

✗ C- f-
' (v) <⇒ 7g c- Y / Ix, g) c- Gf and yet)

:
<⇒ Ug EY (1×14) c- he ⇒ y c- V)
<⇒ V-gc-YC.CH 4- Gf or y c- V)

Thx
,
f- '4) is in Aik)

, waaabka.aaayn.FI#hence is Borel .
6 enclitic



Closure of Borel sit under small- to - one Borel functions
.

As we saw
,
Borel sets are net closed under continues/Bad

images . However
,
it turns out kt if the painage of each

point is small leg .
≤ 1 pt

,
ctbl
, unpack, 5-compact)

then the image of Baal sits are still Boel
.

The first thorn of this kind is :

Kid, 14TH,
I -1 images ( Luzia - Sous /in .

For any
Polish✓ any

1-to -1

Boel fnntiow f :X → Y maps Borel sets to Boelsets
.

Proof ( R. Chen
,
1017)

. We may assure f is outruns , byrefiningthe top on k
,
al it is enough to prove

Mt f (x) it Borel , for the same reason

(for any Borel BEX, make it dopeu I consider
the function ftp. instead )

.

Assuming f :X → Y i, as eabeddig , f: ✗→ FIX) is a hoax
,

then Y fad is also Polish
,
hence Go

.
Thus our

fly
✗ goal is to refine the Polish top . on both§ flag

Fus ✗ I Y
, keeping the sane Baul sets

,
but

wckiy f into an embedding , here then



ft) would be Gr is the finer top, hence Borel ic the

original top of Y
.

To this end
,
fix a dbl basis

U for X al to make f into an open map , it's

enough to turn 1- (4) open relative to FIX) , Rn
cuh U ell

. flu) is analytic, but _te tht flue)
is also analytic ad disjoint by iijectirib off.
By analytic separation, 7 Bowl Bu ≤ Y sit

.

f. (a) a- Bu al flue) ≥ BE .
let Ty

'
be the refinement

✗ HH of the top . on Y tht is Polish with
u
'

fail the sane Baul sets but makes
man MEET eah Be chopin , Rr all UEU .

Bu this makes flu) dopeu relative to fled
because they = flatnflk)

,
so fl # A Bi = flue) .

Now f :(×
, -1×1 → (Y ,Ty') is an open map but it's no

longer continuous
, although graph(f) ii. i still closed in

(✗ ✗Y
, Tx

✗ Tri ) . Therefore
,

the top H :=Tx+fYTy
' )

is still Polich by the black magic proven last time .
Now
,
it :(×, Ti ) → ( Y, Y! ) is uutinaous

,
and it is

still open bewse the images of her open sets are

open by def
,
indeed
,
f / f-' (4) =V bray VEYÉ .



Hence f is an embedding , hick c) chat we wanted
.

Cor
. let IX

,
Tx) be a Polish space

I let % ' be a Polish
nefieuwt

.
then Tx

'
≤ BCX,%) .

Proof
.
The identity map id : (x

,
Tx

' ) → (X, Tx ) is continuous
,

here Bonet
,
I 1-1

,
so it maps Boel uh to Biel,

in particular, it maps any Tri - open set to a Bore/ set.

toe . Any injective Bout map
between Polish spaces is a

Borel embedding ( i. e. naps Boil to Boel) .

Recall tht uh Polish space is a 1-1 cautious image
of a closed subset of INN . this characterizes all Boel sits:

Cor
. for a Polish space X

,
Bowl subsets of ✗ are exactly the

H •vtiwnous images of closed subsets of 1N "!

Proof
. let 13=11 be Bad

,
then by charge at top,

B is Iopeu ,
hence itself Polish hence a 1-1 antinous

i.
age of a closed subset of NIN

,
and this function

is
"
even wore

" continuous in the original top. of ✗ .
The converse is by the Latin- Sons / in theorem

.


